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ON THE POLYMATROIDAL PROPERTY OF MONOMIAL
IDEALS WITH A VIEW TOWARDS ORDERINGS OF MINIMAL
GENERATORS
SOMAYEH BANDARI AND RAHIM RAHMATI-ASGHAR
Abstract. We prove that a monomial ideal I generated in a single degree,
is polymatroidal if and only if it has linear quotients with respect to the lex-
icographical ordering of the minimal generators induced by every ordering of
variables. We also conjecture that the polymatroidal ideals can be character-
ized with linear quotients property with respect to the reverse lexicographical
ordering of the minimal generators induced by every ordering of variables. We
prove our conjecture in many special cases.
1. Introduction
A monomial ideal is called polymatroidal, if its monomial generators corre-
spond to the bases of a discrete polymatroid, see [6]. Since the set of bases
of a discrete polymatroid is characterized by the so-called exchange property, it
follows that a polymatroidal ideal may as well be characterized as follows: let
I ⊂ S = K[x1, . . . , xn] be a monomial ideal generated in a single degree and G(I)
be the unique minimal set of monomial generators of I. Then I is said to be poly-
matroidal, if for any two elements u, v ∈ G(I) such that degxi(u) > degxi(v) there
exists an index j with degxj (u) < degxj(v) such that xj(u/xi) ∈ I. A squarefree
polymatroidal ideal is called matroidal. They have many attractive structural prop-
erties which have been considered by many mathematicians in recent years, see for
example [2, 4, 5, 7]. Bandari and Herzog [2] conjectured that a monomial ideal is
polymatroidal if and only if all its monomial localizations have a linear resolution.
In this paper we try to characterize polymatroidal ideals with linear quotients prop-
erty. Bjo¨rner in [3, Theorem 7.3.4] showed that a simplicial complex ∆ is a matroid
complex if and only if ∆ is pure and every ordering of the vertices induces a shelling.
Hence a monomial ideal is matroidal if and only if it is generated in a single degree
and it also has linear quotients with respect to every ordering of generators. Herzog
and Takayama in [8] showed that a polymatroidal ideal has linear quotients with
respect to the reverse lexicographical order of the minimal generators induced by
every ordering of variables. A natural question arises whether we can generalize
Bjo¨rner’s result to polymatroidal ideals. In Proposition 2.2, we show that a poly-
matroidal ideal also has linear quotients with respect to the lexicographical order
of the minimal generators. Then in Theorem 2.4, we prove that for a monomial
ideal I generated in a single degree, I is polymatroidal if and only if I has linear
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quotients with respect to the lexicographical ordering of the minimal generators
induced by every ordering of variables.
It is natural to ask whether we have similar result with the reverse lexicographical
order assumption. Due to computational evidence we are lead to conjecture that
the monomial ideals generated in a single degree which have linear quotients with
respect to the reverse lexicographical order of the generators induced by every
ordering of variables are precisely the polymatroidal ideals. We discuss several
special cases which support this conjecture. In fact we give a positive answer to the
conjecture in the following cases: 1. I is generated in degree 2 (Proposition 2.6), 2.
I contains at least n−1 pure powers (Proposition 2.8), 3. I is monomial ideal in at
most 3 variables (Remark 2.5 and Proposition 2.9), 4. I = (u ∈Md | u ≥lex v) for
some v ∈Md (Proposition 2.10), 5. I is a completely lexsegment ideal (Proposition
2.12).
2. The polymatroidality and orderings induced by variables on minimal
generators
Throughout S = K[x1, . . . , xn] is the polynomial ring over a field K, >lex is the
lexicographic order and > is the reverse lexicographic order on monomials of S. In
the following, we recall some preliminary concepts.
Let u = xa11 · · ·x
an
n be a monomial of S. We define deg(u) =
∑n
i=1 ai, degxi(u) =
ai and supp(u) = {xi |1 ≤ i ≤ n , ai > 0}.
Let u = xa11 · · ·x
an
n and v = x
b1
1 · · ·x
bn
n . We define the total order >lex on
monomials of S by setting u >lex v if either (i) deg(u) > deg(v) or (ii) deg(u) =
deg(v) and there exists an integer i with ai > bi and ak = bk for k = 1, . . . , i− 1. It
follows that >lex is a monomial order on S, which is called the lexicographic order
on S induced by the ordering x1 >lex x2 >lex · · · >lex xn.
We define the total order > on monomials of S by setting u > v if either (i)
deg(u) > deg(v) or (ii) deg(u) = deg(v) and there exists an integer i with bi > ai
and ak = bk for k = i + 1, . . . , n. It follows that > is a monomial order on
S, which is called the reverse lexicographic order on S induced by the ordering
x1 > x2 > · · · > xn.
For a monomial ideal I and a monomial v of S, {u/gcd(u, v) | u ∈ G(I)} is a set
of generators of I : v.
Definition 2.1. The monomial ideal I ⊂ S has linear quotients whenever there is
an ordering u1, . . . , ur on the minimal generators of I such that for j = 2, . . . , r,
the minimal generators of the colon ideal (u1, . . . , uj−1) : uj are variables.
By [8, Lemma 1.3] and [4, Lemma 4.1], a polymatroidal ideal I has linear quo-
tients with respect to the reverse lexicographical order of the minimal generators
and so it has a linear resolution. In the following, we show that we have similar
result with the lexicographical order assumption.
Proposition 2.2. Let I be a polymatroidal ideal. Then I has linear quotients with
respect to the lexicographical order of the minimal generators.
Proof. Let u ∈ G(I) and J = (v ∈ G(I) | v >lex u). In order to prove that J : u is
generated by monomials of degree 1, we have to show that for each v ∈ G(I) such
that v >lex u, there exists xi ∈ J : u such that xi|v : u. Let u = x
a1
1 · · ·x
an
n and
v = xb11 · · ·x
bn
n . Since v >lex u, there exists an integer i with bi > ai and ak = bk
3for k = 1, . . . , i− 1. Now since I is a polymatroidal ideal, it follows by [5, Theprem
3.1] that there exists an integer j with bj < aj such that u
′ = (u/xj)xi ∈ G(I).
Since j > i, we have that u′ ∈ J . Hence xiu = xju
′ ∈ J , so xi ∈ J : u. On the
other hand since degxi(v : u) = bi −min{bi, ai} = bi − ai > 0, we have xi|v : u. 
For proof of the next theorem, we need the following result.
Lemma 2.3. Let I ⊂ S be a monomial ideal generated in a single degree and
u, v ∈ G(I) such that supp(u : v) = {x1}. Suppose I has linear quotients with
respect to the lexicographical order >lex, induced by x1 >lex · · · >lex xn. Then we
have the following exchange property:
(u/x1)xi ∈ I for some i with degxi(v) > degxi(u).
Proof. Let u : v = xm1 for some m ≥ 1. By induction on m, we show that we
have the exchange property. The assertion is trivial, if m = 1. Now, let m ≥ 2.
Since u >lex v, it follows by linear quotient property that there exists a monomial
w ∈ G(I), such that w >lex v and w : v = x1. Indeed w = x1z and v = xtz for
some monomial z and t 6= 1. Now since u : w = xm−11 , our induction hypothesis
implies that (u/x1)xi ∈ I, for some i with degxi(w) > degxi(u). Note that i 6= 1,
that implies degxi(u) < degxi(w) = degxi(z) ≤ degxi(v).

Theorem 2.4. Let I ⊂ S be a monomial ideal generated in a single degree. Then
the following conditions are equivalent:
(a) I is polymatroidal.
(b) I has linear quotients with respect to the lexicographical ordering of the minimal
generators induced by every ordering of variables.
Proof. The implication (a) =⇒ (b) holds by Proposition 2.2.
(b) =⇒ (a): Let u ∈ G(I) with degx1(u) > 0. We want to show that for
any monomial v ∈ G(I) with degx1(u) > degx1(v) we have the following exchange
property:
(u/x1)xi ∈ I for some i with degxi(v) > degxi(u).
Let A be the set of those monomials v ∈ G(I) such that degx1(v) < degx1(u) and
(u/x1)xi /∈ I, for all i with degxi(v) > degxi(u). We prove by contradiction that A
is an empty set. Assume the opposite that A is not empty. Let v1 ∈ A such that
degx1(u : v1) ≥ degx1(u : v), for all v ∈ A. Now let
B = {v ∈ A | degx1(u : v) = degx1(u : v1)}.
Consider the lexicographical order >lex, induced by x1 >lex · · · >lex xn. Let v ∈ B
such that
u : v = min
>lex
{u : v | v ∈ B} = min
>lex
{u : v | v ∈ A , degx1(u : v) = degx1(u : v1)}.
By Lemma 2.3, we know that |supp(u : v)| ≥ 2. Let t+ 1 = min{i ≥ 2 ;xi|u : v}.
Consider the lexicographical order ≻lex, induced by
xjr ≻lex · · ·xj1 ≻lex xt+1 ≻lex · · · ≻lex xn ≻lex xis ≻lex · · ·xi1 ≻lex x1,
where
{xi1 , . . . , xis} = {xl | 2 ≤ l ≤ t , degxl(v) > degxl(u)},
{xj1 , . . . , xjr} = {xl | 2 ≤ l ≤ t , degxl(v) = degxl(u)}.
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Since xt+1|u : v and degxl(u) = degxl(v) for all l ∈ {j1, . . . , jr}, it follows that
u ≻lex v. By linear quotient property, there exists a monomial w ∈ G(I), such that
w ≻lex v, w : v = xi and xi|u : v for some i. In particular w = xiz and v = xjz
for some monomial z and xi ≻lex xj . Since x1 is the smallest variable with respect
to ≻lex, we have i 6= 1. Since u : v = u : (xjz) = (u : z) : xj , it follows that either
u : v = u : z if xj ∤ u : z or u : v =
u:z
xj
if xj |u : z. Now since u : w = (u : z) : xi, it
follows that either (i) u : w = u:v
xi
or (ii) u : w = u:v
xi
xj .
Case (i): Let u : w = u:v
xi
. Then u : v >lex u : w and since i 6= 1, it follows that
degx1(u : w) = degx1(u : v). Therefore w /∈ A.
Case (ii): Let u : w = u:v
xi
xj . If j = 1, then degx1(u : w) = degx1(u : v) +
1 > degx1(u : v). Hence w /∈ A. Now let j ≥ 2. Since xi|u : v and i 6= 1, it
follow that i ∈ {t + 1, . . . , n}. On the other hand, since xj |u : w, it follows that
degxj (u) > degxj (w) = degxj(z), so degxj (u) ≥ degxj (z) + 1 = degxj (v). Hence,
since xi ≻lex xj and i ∈ {t+ 1, . . . , n}, we have j ∈ {t+ 1, . . . , n} and xi >lex xj .
Therefore u : v > u : w. Now since degx1(u : w) = degx1(u : v), it follows that
w /∈ A.
In both cases (i) and (ii), we show w /∈ A. On the other hand degx1(u) >
degx1(v) ≥ degx1(z) = degx1(w). Therefore (u/x1)xs ∈ I, for some s with
degxs(w) > degxs(u). Since degxi(w) = degxi(z) + 1 = degxi(v) + 1 ≤ degxi(u), it
follows that i 6= s. So degxs(v) ≥ degxs(z) = degxs(w) > degxs(u). It contradicts
our assumption v ∈ A.
Replacing x1 with xi, the same argument proves the exchange property for I. 
In the following, we discuss several special cases where the above result is true,
replacing the lexicographical order with the reverse lexicographical order.
The following result holds immediately by [2, Corollary 2.5].
Remark 2.5. Let I ⊂ K[x1, x2] be a monomial ideal generated in a single degree.
Then the following conditions are equivalent:
(a) I is polymatroidal.
(b) I has linear quotients with respect to the reverse lexicographical ordering of
the minimal generators induced by every ordering of variables.
(c) I has a linear resolution.
Proposition 2.6. Let I ⊂ S be a monomial ideal generated in degree 2. Then the
following conditions are equivalent:
(a) I is polymatroidal.
(b) I has linear quotients with respect to the reverse lexicographical ordering of the
minimal generators induced by every ordering of variables.
Proof. The implication (a) =⇒ (b) is known.
(b) =⇒ (a): Let u, v ∈ G(I) with degxi(u) > degxi(v). If xi|v, there is nothing
to prove. Otherwise, we consider the following cases:
Case (i): Let u = x2i and v = xjxl (it can be j = l), so u : v = x
2
i . Assume that
xi > xd for each d 6= i, so u > v. Hence by the assumption there exists w ∈ G(I),
such that w > v and w : v = xi. Hence either w = xixj = (u/xi)xj ∈ G(I) or
w = xixl = (u/xi)xl ∈ G(I).
Case (ii): Let u = xixt and v = xjxl (it can be j = l). If either t = j or t = l,
there is nothing to prove. Otherwise, assume that xt > xl > xi and xt > xj > xi.
So v > u and v : u = xjxl. Hence by the assumption there exists w ∈ G(I), such
5that w > u and we have either w : u = xj or w : u = xl. If w : u = xj , then
w = xtxj = (u/xi)xj ∈ G(I). If w : u = xl, then w = xtxl = (u/xi)xl ∈ G(I). 
In the following we recall the monomial localization concept, which we will use
it in the next proposition.
Definition 2.7. Let P be a monomial prime ideal of S = K[x1, . . . , xn]. Then
P = PC for some subset C ⊂ [n], where PC = ({xi i 6∈ C}) and ISP = JSP where
J is the monomial ideal obtained from I by the substitution xi 7→ 1 for all i ∈ C.
We call J the monomial localization of I with respect to P and denote it by I(P ).
Proposition 2.8. Let I ⊂ K[x1, . . . , xn] be a monomial ideal generated in degree
d and suppose that I contains at least n − 1 pure powers of the variables, say
xd1, . . . , x
d
n−1. Then the following conditions are equivalent:
(a) I is polymatroidal.
(b) I has linear quotients with respect to the reverse lexicographical ordering of the
minimal generators induced by every ordering of variables.
Proof. The implication (a) =⇒ (b) is known.
(b) =⇒ (a): Let k = max{degxn(u) | u ∈ G(I)} and w = x
a1
1 · · ·x
an−1
n−1 x
k
n ∈
G(I). We want to show that xd−ki x
k
n ∈ G(I) for all 1 ≤ i ≤ n − 1. We fix i. If
w = xd−ki x
k
n, then there is nothing to prove. Otherwise, for monomial v, we define
degA(v) =
∑
i∈A degxi(v), where A := supp(w)\{xi, xn}. We consider the ordering
xn > xi > xj for all j 6= i, n. Since x
d
i > w and x
d
i : w = x
d−ai
i , it follows by the
assumption that there exists w1 ∈ G(I) such that w1 > w and w1 : w = xi. Hence
w1 = (w/xj1 )xi, where j1 ∈ A, degxi(w1) = ai + 1 and degA(w1) = degA(w) − 1.
Now since xdi : w1 = x
d−(ai+1)
i , it follows that there exists w2 ∈ G(I) such that w2 >
w1 and w2 : w1 = xi. Hence w2 = (w1/xj2)xi, where j2 ∈ A, degxi(w2) = ai+2 and
degA(w2) = degA(w) − 2. Continuing in the same way, there exists wh−1 ∈ G(I)
where h := d−k−ai, degxi(wh−1) = ai+h−1 and x
d
i : wh−1 = x
k+1
i . So there exists
wh ∈ G(I) such that wh > wh−1 and wh : wh−1 = xi. Hence wh = (wh−1/xjh)xi
where jh ∈ A, degxi(wh) = ai + h = d − k and degA(wh) = degA(w) − h = 0.
Therefore wh = x
d−k
i x
k
n.
Now, by induction on h we show x
αi1
i1
· · ·x
αih−1
ih−1
x
αih
ih
xkn ∈ G(I), where αi1 + · · ·+
αih−1 + αih = d − k. For h = 1, we have already proved it. Now assume that
h > 1. We set u := x
αi1
i1
· · ·x
αih−1+αih
ih−1
xkn and v := x
αi1
i1
· · ·x
αih−2
ih−2
x
αih−1+αih
ih
xkn. By
induction hypothesis, u, v ∈ G(I). Assume that xn > xi1 > xi2 > · · · > xih−1 >
xih . Since u > v and u : v = x
αih−1+αih
ih−1
, it follows that there exists w1 ∈ G(I) such
that w1 > v and w1 : v = xih−1 . Hence w1 = x
αi1
i1
· · ·x
αih−2
ih−2
xih−1x
αih−1+αih−1
ih
xkn.
Now, since u : w1 = x
αih−1+αih−1
ih−1
, there exists w2 > w1 such that w2 : w1 = xih−1 .
Hence w2 = x
αi1
i1
· · ·x
αih−2
ih−2
x2ih−1x
αih−1+αih−2
ih
xkn. Continuing in the same way, there
exists wαih−1 ∈ G(I) such that wαih−1 = x
αi1
i1
· · ·x
αih−2
ih−2
x
αih−1
ih−1
x
αih
ih
xkn, as desired.
By what we have shown, it follows that I(P{n}) = (x1, . . . , xn−1)
d−k. Hence
I(P{n}) has a linear resolution. So by [2, Proposition 2.4], I is polymatroidal. 
Proposition 2.9. Let I ⊂ S = K[x1, x2, x3] be a monomial ideal generated in a
single degree. The following conditions are equivalent:
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(a) I is polymatroidal.
(b) I has linear quotients with respect to the reverse lexicographical ordering of the
minimal generators induced by every ordering of variables.
Proof. The implication (a) =⇒ (b) is known.
(b) =⇒ (a): Let degx1(u) > degx1(v) and degx2(u) < degx2(v). We have two
cases:
(i) If u : v = xr1x
s
3 for integers r, s > 0. Then v : u = x
t
2 for integer t > 0. We
consider the ordering x3 > x2 > x1, so v > u. Hence by the assumption there
exists w ∈ G(I) such that w > u and w : u = x2. So w = (u/x1)x2 ∈ G(I).
(ii) If u : v = xr1 for integer r > 0.
- Suppose degx3(u) = degx3(v). We assume that x3 > x1 > x2, so u > v.
Hence by the assumption there exists w1 ∈ G(I) such that w1 > v and w1 :
v = x1. So w1 = (v/x2)x1. Now since u > w1 and u : w1 = x
r−1
1 , it follows
that there exists w2 > w1 such that w2 : w1 = x1. Hence w2 = (w1/x2)x1.
So u > w2 and u : w2 = x
r−2
1 . Continuing in the same way, there exists
wr−1 = (wr−2/x2)x1 ∈ G(I), such that u > wr−1 and u : wr−1 = x1. Thus
u = (wr−1/x2)x1. Hence (u/x1)x2 = wr−1 ∈ G(I).
- Suppose degx3(u) < degx3(v). We assume that x1 > x3 > x2, so u > v.
Hence by the assumption there exists w1 ∈ G(I) such that w1 > v and
w1 : v = x1. So either w1 = (v/x2)x1 or w1 = (v/x3)x1. Now since
u > w1 and u : w1 = x
r−1
1 , it follows that there exists w2 > w1 such that
w2 : w1 = x1. So either w2 = (w1/x2)x1 or w2 = (w1/x3)x1. Hence u > w2
and u : w2 = x
r−2
1 . Continuing in the same way, there exists wr−1 ∈ G(I),
such that u > wr−1 and u : wr−1 = x1. Hence either u = (wr−1/x2)x1 or
u = (wr−1/x3)x1. Therefore either (u/x1)x2 ∈ G(I) or (u/x1)x3 ∈ G(I).

Let Md denote the set of all monomials of degree d in the polynomial ring S =
k[x1, . . . , xn]. We order the monomials lexicographically by the ordering x1 >lex
x2 >lex · · · >lex xn.
Proposition 2.10. Let v = xb11 · · ·x
bn
n ∈ Md and I = (u ∈ Md | u ≥lex v) be a
monomial ideal in S = K[x1, . . . , xn]. Then the following conditions are equivalent:
(a) I is polymatroidal.
(b) I has linear quotients with respect to the reverse lexicographical ordering of the
minimal generators induced by every ordering of variables.
Proof. The implication (a) =⇒ (b) is known.
(b) =⇒ (a): We consider xn > xj > x1 for j 6= 1, n. Since degx1(v) <
degx1(x
b1+1
1 x
d−(b1+1)
n ), we have v > x
b1+1
1 x
d−(b1+1)
n . Assume that n = (x2, . . . , xn).
We have the following cases:
Case 1. v : xb1+11 x
d−(b1+1)
n = xn. Then v = x
b1
1 x
d−b1
n . Hence I =
∑d
i=b1
xi1n
d−i,
so I is polymatroidal.
Case 2. v : xb1+11 x
d−(b1+1)
n = xj , where j 6= 1, n. Hence v = x
b1
1 xjx
d−(b1+1)
n .
Therefore I =
∑d
i=b1+1
xi1n
d−i + J , where
J := (w ∈Md | degx1(w) = b1 and w ≥lex v).
Now we want to prove that I is polymatroidal.
7(i) Let w1 ∈ x
t
1n
d−t, where b1+1 ≤ t ≤ d and w2 ∈ J . Assume that degxi(w1) >
degxi(w2). If i 6= 1, then (w1/xi)xk ∈ I, for all k. If i = 1 and there exists
1 < h ≤ j such that xh|w1. Then (w1/xi)xk ∈ I, for all k. Otherwise, i = 1
and xh ∤ w1, for all 1 < h ≤ j. Now since w2 ≥lex v, it follows that there exist
1 < l ≤ j such that xl|w2. Hence (w1/xi)xl ∈ I.
(ii) Let w1 ∈ J , w2 ∈ x
t
1n
d−t, where b1 + 1 ≤ t ≤ d. Assume degxi(w1) >
degxi(w2), so (w1/xi)x1 ∈ I.
(iii) Let w1 ∈ J , w2 ∈ J and degxi(w1) > degxi(w2).
- If degxj(w2) > degxj (w1), then (w1/xi)xj ∈ I.
- If degxj (w2) < degxj (w1) and i 6= j. Since xj |(w1/xi)xk for all k, then
(w1/xi)xk ∈ I for all k.
- If degxj (w2) < degxj (w1), i = j and xj |w2. Since degxj (w1) ≥ 2, then
(w1/xi)xk ∈ I for all k.
- If degxj (w2) < degxj (w1), i = j, xj ∤ w2 and there exists 1 < l < j such
that degxl(w2) > degxl(w1). Then (w1/xi)xl ∈ I.
- If degxj(w2) < degxj (w1), i = j, xj ∤ w2 and for all 1 < l < j, degxl(w2) ≤
degxl(w1), then (w1/xi)xk ∈ I for all k. Note that Since xj ∤ w2, then there
exists 1 < l′ < j such that xl′ |w2 and hence xl′ |w1.
Case 3. v : xb1+11 x
d−(b1+1)
n = xj1 · · ·xjl , where l > 1 and jr 6= n for each
r = 1, . . . , l. Then there exists w ∈ G(I) such that w > xb1+11 x
d−(b1+1)
n and
w : xb1+11 x
d−(b1+1)
n = xjs for some 1 ≤ s ≤ l. Now, since we consider the order-
ing xn > xj > x1 for j 6= 1, n, it follows that w = x
b1
1 xjsx
d−(b1+1)
n . This is a
contradiction, since w >lex v. 
Definition 2.11. A lexsegment (of degree d) is a subset of Md of the form
L(u, v) = {w ∈Md | u ≥lex w ≥lex v}
for some u, v ∈ Md with u ≥lex v. A lexsegment L is called completely lexsegment
if all the iterated shadows of L are again lexsegments. An ideal spanned by a
completely lexsegment is called a completely lexsegment ideal.
We recall that the shadow of a set T of monomials is the set Shad(T ) =
{vxi | v ∈ T, 1 ≤ i ≤ n}. The i-th shadow is recursively defined as Shad
i(T ) =
Shad(Shadi−1(T )).
Proposition 2.12. Let I ⊂ K[x1, . . . , xn] be a monomial ideal generated in degree
d and suppose that I is a completely lexsegment ideal. Then the following conditions
are equivalent:
(a) I is polymatroidal.
(b) I has linear quotients with respect to the reverse lexicographical ordering of the
minimal generators induced by every ordering of variables.
Proof. The implication (a) =⇒ (b) is known.
(b) =⇒ (a): Let I = (L(u, v)), where u = xa11 · · ·x
an
n and v = x
b1
1 · · ·x
bn
n . By [1,
Theorem 1.3], since I has a linear resolution, one of the following conditions holds:
(i) u = xa1x
d−a
2 and v = x
a
1x
d−a
n for some a, 0 < a ≤ d.
(ii) b1 ≤ a1 − 1.
Suppose (i) holds. Since degx1(u) = degx1(v), so I = x
a1
1 (x2, . . . , xn)
d−a1 . Obvi-
ously I is polymatroidal.
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Now let (ii) holds. Assume that a3+a4+ · · ·+an 6= 0. We consider the ordering
x1 > x2 > x3 > · · · > xn. Suppose w = x
a1−1
1 x
d−a1+1
2 . Since w ∈ I, w > u,
w : u = xd−a1−a2+12 and also d− a1 − a2 + 1 > 1, it follows that there exist w
′ ∈ I
such that w′ > u and w′ : u = x2. Hence w
′ = (u/xi)x2 for some 3 ≤ i ≤ n. So
w′ >lex u, which is a contradiction.
Now let ai = 0 for i = 3, . . . , n. Hence u = x
a1
1 x
d−a1
2 and so x
b1+1
1 x
d−(b1+1)
n ∈ I.
We consider xn > xj > x1 for j 6= 1, n, hence v > x
b1+1
1 x
d−(b1+1)
n . Assume that
n = (x2, . . . , xn). We have the following cases:
Case 1. v : xb1+11 x
d−(b1+1)
n = xn. Then v = x
b1
1 x
d−b1
n . Hence I =
∑a1
i=b1
xi1n
d−i,
so I is polymatroidal.
Case 2. v : xb1+11 x
d−(b1+1)
n = xj , where j 6= 1, n. Hence v = x
b1
1 xjx
d−(b1+1)
n .
Therefore I =
∑a1
i=b1+1
xi1n
d−i + J , where
J := (w ∈Md | degx1(w) = b1 and w ≥lex v).
With the same arguments as used in the proof of case 2 of Proposition 2.10, I is
polymatroidal.
Case 3. v : xb1+11 x
d−(b1+1)
n = xj1 · · ·xjl , where l > 1 and jr 6= n for each
r = 1, . . . , l. With the same arguments as used in the proof of case 3 of Proposition
2.10, I is polymatroidal.

Based on Remark 2.5, Proposition 2.6, Proposition 2.8, Proposition 2.9, Propo-
sition 2.10, Proposition 2.12 and based on experimental evidence we are inclined to
make the following:
Conjecture 1. Let I ⊂ S be a monomial ideal generated in a single degree. Then
the following conditions are equivalent:
(a) I is polymatroidal.
(b) I has linear quotients with respect to the reverse lexicographical ordering of
the minimal generators induced by every ordering of variables.
Let I ⊂ S be a monomial ideal minimally generated by u1, . . . , ur. We say
that I has quotients with linear resolution with respect to the ordering u1, . . . , ur
whenever I has a linear resolution and, moreover, for all j = 2, . . . , r, the colon
ideal (u1, . . . , uj−1) : uj has a linear resolution.
Remark 2.13. It is clear that if a monomial ideal generated in a single degree has
linear quotients with respect to the ordering u1, . . . , ur of minimal generators then
it also has quotients with linear resolution with respect to the ordering u1, . . . , ur.
So polymatroidal ideals have quotients with linear resolution with respect to the
(reverse) lexicographical ordering of the minimal generators induced by every or-
dering of variables.
It is natural to ask whether Conjecture 1 can be weakened to quotients with
linear resolution property with respect to the (reverse) lexicographical ordering.
There is a negative answer to this question in a general. For example the ideal
I = (x1x
2
3, x
2
1x3, x1x2x3, x
2
2x3) has quotients with linear resolution with respect to
the lexicographical and reverse lexicographical ordering of the minimal generators
induced by every ordering of variables, but it is not polymatroidal. We note that
I dose not have linear quotients with respect to the lexicographical ordering of the
9minimal generators induced by the ordering x3 >lex x2 >lex x1 and the reverse
lexicographical ordering of the minimal generators induced by the ordering x3 >
x2 > x1 of variables.
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